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Abstract—To accommodate a high number of automotive
radars operating at the same frequency band while avoiding mu-
tual interference, we propose a sparse step-frequency waveform
(SSFW) radar to synthesize a large effective bandwidth to achieve
high range resolution profiles (HRRP). To mitigate high range
sidelobes in the SSFW radars, we propose a joint sparse carriers
selection and weighting approach, where the sparse carriers
are first optimally selected via the particle swarm optimization
(PSO) techniques, and then a weighting vector is optimized and
applied such that the peak sidelobe level of range spectrum is
minimized. As a result, targets with relatively small radar cross
section are detectable without introducing high probability of
false alarm. We extend the SSFW concept to multi-input multi-
output (MIMO) radar by applying phase codes along slow-time to
synthesize a large virtual array aperture. Numerical simulations
are conducted to demonstrate the performance of the proposed
SSFW MIMO radar.

Index Terms—Automotive radar, multi-input multi-output
(MIMO) radar, sparse step-frequency waveform, autonomous
driving, interference mitigation

I. INTRODUCTION

Radar sensors have found widespread applications in ad-

vanced driver assistance systems (ADAS), such as adap-

tive cruise control (ACC) and automatic emergency braking

(AEB). According to National Highway Traffic Safety Admin-

istration (NHTSA) study, 37, 461 Americans died on the U.S.

highways in 2016 as a result of automobile accidents [1], of

which 94% were due to human error [2]. Recently, radar has

emerged as one of the key technologies in autonomous driving

systems. Automotive radar must provide high resolution in

four dimensions, i.e., range, Doppler, and azimuth and eleva-

tion angles, yet remain a low cost for feasible mass production.

High-resolution imaging radar is being developed to provide

point clouds of the surrounding environment [3]–[6]. The

target range resolution is determined by the signal bandwidth,

whereas the Doppler resolution depends on the coherent pro-

cessing interval (CPI). The angular resolution depends on the

aperture of an antenna array, and the number of antennas is one

of the most significant factors that determines the cost of the

automotive radar. On the other hand, automotive radars need

to be deployed on a massive number of vehicles, competing

for the same frequency spectrum assigned for automotive radar

applications. As the number of vehicles equipped with auto-

motive radar increases, so does the probability of encountering

mutual interference between these radar units. Without radio

frequency interference (RFI) mitigation, therefore, automotive

radars will suffer from performance degradation and eventually

fail to function [6], [7].

By exploiting waveform orthogonality, multiple-input multi-

output (MIMO) radar [8] is an attractive technique to enable

automotive radar to achieve a large virtual array aperture at a

low cost, and its advantage has been exploited by almost all

major automotive suppliers, in their different types of radar

products, including short-range radar, medium range radar, and

long range radar [3], [9]–[11].

State-of-the-art automotive radar systems exploit frequency-

modulated continuous-waveform (FMCW) signals at

millimeter-wave frequencies [6], [12], [13] to enable

high-resolution target range and velocity estimation, and

can be implemented at a much lower cost than light

detection and ranging (LiDAR). To achieve a high range

resolution for autonomous driving, the transmit signals

are designed to occupy a large bandwidth. For automotive

FMCW radars, the frequency linearly sweeps over the entire

large bandwidth, thereby making the signal susceptible to

interference from other automotive radars. Another type

of waveform that enhances waveform orthogonality is the

recently developed pulse-modulated continuous-waveform

(PMCW) [14]–[16]. PMCW radars take advantages of

existing sequences with good auto-correlation and cross-

correlation properties, previously developed for code-division

multiple accessing (CDMA) communications, such as Gold,

Kasami, and m-sequences [17], [18]. In PMCW radars,

each automotive radar exploits a unique digital sequence

to reduce mutual interference. However, PMCW radar has

many implementation challenges. First, the sampling rate of

the ADC should satisfy the Nyquist rule. As such, the high

bandwidth required for high range resolution necessitates

high-speed ADC and high-speed processing hardware.

Alternatively, step-frequency waveform (SFW) radar trans-

mits a sequence of pulses with linearly increased carrier

frequencies to synthesize a wide bandwidth while keeping a

low instantaneous bandwidth of each pulse so low sampling

rate analog-to-digital converters (ADCs) can be used [19].

However, there is range-Doppler coupling in the conventional

SFW radars.

The sparse step-frequency waveform (SSFW) radar trans-

mits a few pulses within a large bandwidth, where some fre-

quencies are unused during a CPI [20], [21]. SSFW radar can

avoid multiuser interference by skipping the spectrum bands

that are occupied by other radars. However, use of SSFW
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radars will increase range sidelobes and, as a result, targets

with small radar cross section (RCS), such as pedestrian, may

be obscured by high sidelobes of stronger targets.

In this paper, we propose a sparse step-frequency wave-

form MIMO radar system to synthesize high range resolution

profiles (HRRP) for autonomous driving. The sampling rate

of ADC is kept low, and the hardware cost is significantly

reduced. To mitigate the high range sidelobe associated with

random SSFW radar, we first optimally select the sparse carrier

frequencies via particle swarm optimization technique and

then applying an optimal weighting vector to the selected

carriers to minimize the peak sidelobe level of the range

spectrum so that targets with small RCS can be reliably

detected without introducing high probability of false alarm.

To synthesize a virtual array with large aperture, we extend

the SSFW radar concept to MIMO radar by applying slow-

time phase coding among each transmit antennas. Since only

a small portion of the frequency spectrum is occupied, the pro-

posed SSFW radar enables flexible coordination of spectrum

utilization among multiple automotive radars with low mutual

interference among automotive radars.

II. SPARSE STEP-FREQUENCY-BASED AUTOMOTIVE

MIMO RADAR

In this section, we address the problem of high-resolution

target range estimation using SSFW signals with a small

number of carrier frequencies. We start with a simple single-

transmit single-receiver model, and then extend it to a MIMO

setting in Section II-C where the waveform orthogonality is

addressed with slow-time phase codes.

The transmit antenna transmits a sequence of N pulses

whose carrier frequencies are sparsely distributed over the

available bandwidth of B. The carrier frequencies fn ∈
[fc, fc +B], n = 1, 2, · · · , N , are randomly chosen from

the set M = {fn|fc + hnΔf, hn ∈ {1, 2, · · · , P}} with

P = �B/Δf� equally spaced subcarriers, where Δf is the

frequency step size and �·� denotes the floor function. The

maximum unambiguous scope of HRRP and range resolu-

tion are respectively given by Ru = c/(2Δf) and ΔR =
c/(2PΔf) = Ru/P . The duration of each pulse is Tp. After

transmitted a burst of N pulses, the transmitters are turned

off and the radar is switched to a receive mode. The total

time duration of a burst cycle consisting of both transmit and

receive modes is T , corresponding to the burst pulse cycle

repetition frequency (CRF) of fCRF = 1/T . One CPI consists

of M burst cycles. Fig. 1 shows an example of one burst

cycle with N = 5 pulses transmitted sequentially with carrier

frequencies that are chosen from subset M with P = 7
frequencies. The n-th transmit pulse during the m-th burst

cycle is expressed as

s (m,n, t) =
1√
Tp

rect

(
t− nTp −mT

Tp

)
ej2π(t−nTp−mT )fn ,

(1)

cf
cf f
2cf f
3cf f
4cf f
5cf f
6cf f
7cf f

cf B

Receive duration

Unused band

B

Transmit pulse

t

T

Fig. 1. Illustration of the sparse step-frequency radar with N = 5 sequentially
transmitted pulses with carrier frequencies that are chosen as a subset of M
with P = 7 frequencies.

where t is the fast time, and

rect

(
t− τ

Tp

)
=

{
1, τ − TP ≤ t ≤ +τ,
0, otherwise.

(2)

Each pulse has unit energy, i.e.,
∫ Tp

0
|s(n,m, t)|2dt = 1.

Consider K point targets in the far field, and the k-th

target has range rk, radial velocity vk, and complex reflection

coefficient βk. The received signal of the n-th pulse at the

m-th slow time corresponding to the k-th target is

ỹk (m,n, t) = βks (m,n, t− 2rk (t)/c) , (3)

where rk (t) = rk (0) + vkt and c is the speed of light. After

demodulation, the n-th echo is sampled at the rate of 1/Tp in

fast time ts (m,n) = mT +nTp with n = 1, 2, · · · , N , giving

one sample per frequency step, expressed as

yk (m,n) = βke
−j 4π

c fn[rk(0)+(mT+nTp)vk]. (4)

The sampled received signal for the n-th pulse is the super-

position of the echoes from all K targets, i.e.,

y (m,n) =

K∑
k=1

yk (m,n)

=

K∑
k=1

βke
−j 4π

c fn[rk(0)+(mT+nTp)vk]

=

K∑
k=1

γke
−j 4π

c (fcmTvk+hnΔfrk(0))

× e−j 4π
c (hnΔfnTpvk+hnΔfmTvk+fcnTpvk), (5)

where γk = βke
−j 4π

c fcrk(0).

We make the following assumptions:

A1) The unambiguous scope of HRRP defined as c/(2Δf)
should be larger than the scope of a range bin cTp/2.

This yields that Δf < 1/Tp.

A2) The range migration is negligible during one CPI, i.e.,

vkMT < cTp/2.

A3) Define ξm,n = 2(2nΔfTp +mΔfT + 2fcTp) vk/c.
Considering the vehicle speeds in a typical autonomous
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driving scenario, it is reasonable to assume ξm,n � 1/P
for m = 0, · · · ,M − 1 and n = 0, · · · , P − 1.

A4) The Doppler shift is considered constant in one burst

cycle T because of the short duration of the burst pulses.

A. Range and Doppler Estimation in SSFW Radar

Range estimation can be achieved by applying inverse dis-

crete Fourier transform (IDFT) to the fast-time samples. The

range resolution is determined by the frequency bandwidth.

Traditional step-frequency radar systems require N = P
pulses to achieve a range resolution of Ru/P . For the proposed

sparse step-frequency approach, we use N < P pulses and still

achieve the same range resolution of Ru/P .

Stack the samples of one CPI with M burst cycles as matrix

Y = [y1, · · · ,yM ] ∈ C
P×M . Each column contains fast-time

samples ym = [y (m, 1) , · · · , y (m,P )]
T

for m = 1, · · · ,M ,

where (·)T stands for transpose. For the unused frequency

carrier subset M̄ with
∣∣M̄∣∣ = P−N , the samples y (m, i) , i ∈

M̄, are zero. The rows of Y indicate the slow-time. Applying

IDFT to the m-th column, we obtain

Fm (l) =
1

P

P−1∑
n=0

y (m,n) ej2π
l
P n

=
1

P

K∑
k=1

γke
−j 4π

c fcmTvk ×
P−1∑
n=0

e
j2π

(
l
P n− 2rk(0)

c hnΔf
)

× e
−j2π

(
2hnΔfnTpvk+2hnΔfmTvk+2fcnTpvk

c

)
. (6)

For the step-frequency radar, fn = fc + hnΔf and hn = n
with n = 0, 1, · · · , P − 1, so we have

Fm (l) =
1

P

K∑
k=1

γke
−j 4π

c fcmTvk
1− e

j2π

(
l
P

− 2rk(0)
c

Δf−ξm,n

)
P

1− e
j2π

(
l
P

− 2rk(0)
c

Δf−ξm,n

)

=
1

P

K∑
k=1

γke
−j 4π

c fcmTvke
jπ(P−1)

(
l
P − 2rk(0)

c Δf−ξm,n

)

×
sin

(
π
(

l
P − 2rk(0)

c Δf − ξm,n

)
P
)

sin
(
π
(

l
P − 2rk(0)

c Δf − ξm,n

)) . (7)

Under assumption (A3), i.e., ξm,n � 1/P , it can be verified

that, when lk = 2rk (0)PΔf/c, the amplitude of Fm (l)
achieves its maximum values (assuming the reflection coef-

ficients of all K targets have the same magnitude). The target

range can be calculated as rk (0) = clk/(2PΔf) = ΔRlk.

Note that, in the proposed SSFW radar, sidelobe levels in-

crease at certain locations in the range spectrum due to the

sparse spectrum utilization.

For each range bin l, the velocity estimation is obtained

by applying discrete Fourier transform (DFT) to the obtained

range spectra Fm (l) for m = 0, 1, · · · ,M − 1, given as

Dl (k) =

M−1∑
m=0

Fm (l) e−j2π k
M m. (8)

P -point IDFT for range estimation and M -point DFT for

Doppler estimation provide 10log10 (PM) dB SNR enhance-

ment [6]. This SNR enhancement is considered as a processing

gain which significantly benefits the angle estimation.

It is noted that compressive sensing (CS) algorithms can be

effectively applied to estimate the target range in the SSFW

radar from sparse step-frequency signals. However, the CS

approach has an off-grid issue [22].

B. Range Sidelobe Optimization via Joint Sparse Carrier
Selection and Weighting

As we discussed earlier, since the carrier frequencies are

uniformly divided and randomly chosen, the range spectrum

would have high sidelobes. As a result, targets with a small

RCS may be obscured by the range sidelobes of stronger

targets.

We introduce a joint two-phase optimization technique to

achieve desirable range sidelobe level. The sparse carrier

frequencies among the set fn ∈ [fc, fc +B] are first optimally

selected using the the particle swarm optimization (PSO)

technique [23] such that the peak sidelobe level (PSL) of

the range spectrum is minimized. In the following step, we

introduce a complex weight vector to further minimize the

range spectrum PSL.

To obtain the optimal subcarriers and weight vector,

we discretize the entire unambiguous range Ru into a

fine grid of Q points, rq, q = 1, · · · , Q, separated

by ΔR, and set rf = Ru/2 as the range correspond-

ing to mainlobe. The sidelobe area is then described by

set Q = {r1, · · · , rf −ΔR, rf +ΔR, · · · , Ru}. Define a

range steering vector with respect to range rq as b(rq) =
[b1 (rq) , · · · , bP (rq)]T , where

bn (rq) =

{
e−j2π

2rq
c fn , if fn ∈ M,

0, if fn /∈ M.
(9)

A fitness function Fn is used to evaluate PSL under a specific

subcarrier selection. The subcarriers selection problem can be

modeled as

argmax
fn

Fn (bn (rq)). (10)

PSO provides a heuristic way to solve the optimization prob-

lem with integer variables [23]. Each subcarrier represents a

particle and a population consists of N particles. The moderate

populations are generated randomly from our solution space

M to ensure a feasible solution. To select subcarriers to

achieve desirable Fn, an update rule is defined as:{
V t+1
i = ωtV t

i + c1r1 (lbest
t
i − St

i ) + c2r2 (lbest
t
i − St

i )
St+1
i = St

i + V t+1
i

for i = 1, 2, · · · , I and t = 1, 2, · · · , G, where I is the

population number and G is the iteration upper bound. This

rule updates the populations’ velocity and decides which

subcarriers are feasible for the next iteration. V t
i is the ith

population’s current velocity, and its next time velocity will be

V t+1
i . The time-varying weight factor is denoted by ω, which
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TABLE I
THE PSO PSEUDO ALGORITHM

Input:N, I,G, c1, c2 and velocity boundary
Initial:
1) randomly generate populations S
2) call fitness function Fn to evaluate every particle’s fitness
3) define lbest and gbest
For t=1,2...G, do

1) update particles’ velocity and selected subcarriers
2) call fitness function to evaluate Fn

3) update lbest and gbest
End
Output: selected subcarriers

is decreasing with iteration and assures global convergence.

Hooke′s constants c1 and c2, take the response to local

and global performance, respectively. The coefficients r1 and

r2 are randomly chosen from 0 to 1. The i-th population’s

optimum is lbesti, and the optimum of whole populations is

denoted as gbesti in the iteration process. The Si is the i-th
population. The pseudo algorithm of PSO is summarized in

Table I. It should be noted that the PSO algorithm provides

sub-optimal solutions for sparse carrier frequencies selection

to minimize the range spectrum sidelobe level.

In the second step, we introduce a complex weight vector

w = [w1, · · · , wP ]
T

for the optimally selected sparse carriers

obtained by PSO to further optimize the PSL of range spec-

trum. The power spectrum of ranges corresponding to sidelobe

in Q is constrained to be below a threshold η determined by

peak sidelobe level (PSL), i.e., η = 10Vmax/10, where Vmax

is the maximum allowed PSL in dB. The weight optimization

can be viewed as a range sidelobe minimization problem and

is formulated as

min
w,α

α

s.t.
∣∣wHb (rq)

∣∣ ≤ η + α, rq ∈ Q,
wHb (rf ) = 1,

(11)

where (·)H denotes conjugate transpose. The above optimiza-

tion problem is convex and can be solved efficiently via CVX

toolbox [24].

C. Waveform Orthogonality for SSFW MIMO Radar

In one CPI, a total number of M burst pulse cycles are

transmitted. All transmit antennas simultaneously transmit

the SSFW waveform at the same sparse carrier frequencies.

We adopt phase coding in slow-time to achieve waveform

orthogonality via Doppler division multiplexing (DDM) [6].

Each pulse has the same phase code in one burst cycle, and the

phase code varies with different burst pulse cycles. The phase

code for the m1-th transmit antenna is given as xm1 (m) =
ej2παm1 (m) for m1 = 1, · · · ,Mt and m = 1, · · · ,M [25]. To

separate the m1-th transmit signal at a receiver, after range

IDFT, a slow-time Doppler demodulation is applied to all

range bins corresponding to the same pulse. The demodulated

outputs of the M burst pulse cycles are assembled into a

vector, and its DFT yields the Doppler outputs.

0 20 40 60 80 100
Iteration Time

-29

-28.5

-28

-27.5

-27

F
itn

es
s 

V
al

ue

Fig. 2. PSL with iteration by PSO.

In this paper, we apply phase codes along the slow time so

that the Doppler DFT of the interference can be distributed

into the entire Doppler spectrum and treat it as pseudo noise

with a low power spectrum. It is desired to minimize the

peak interference residual (PIR) in the Doppler spectrum [26]

computed using the discrete-time Fourier transform (DTFT)

for m1 = 1, · · · ,Mt, i.e.,

PIR = max
f,m1 �=h

∣∣∣∣∣
M∑

m=1

ej2π(αm1
(m)−αh(m))e−j2πfm

∣∣∣∣∣ , (12)

where f ∈ [− 1
2fCRF,

1
2fCRF

]
. Following Eq. (12), the cross-

correlation of the spectra of two codes needs to be flat [26],

since the Fourier transform of multiplication of the two codes

in the time domain amounts to the convolution of their spectra.

Constant amplitude zero auto-correlation codes are good

candidates for DDM. The DFT of a constant amplitude

zero auto-correlation code has also a constant amplitude

and zero auto correlation [27]. One of such examples is

the Chu sequence [28], which is defined as xm1
(m) =

e
jπ
M m1(m+1)m, m1 = 1, . . .Mt, m = 1, . . . ,M, where M

is chosen as a prime number. In practice, the Chu sequence of

prime length is first generated and then truncated into a length

for efficient DFT computations.

The benefit of using slow-time phase coding is that the

interference from other transmitters does not affect different

range bins. The range resolution is determined only by the

effective bandwidth of the synthesized SSFW waveform.

III. NUMERICAL RESULTS

In this section, we conduct numerical simulations to evalu-

ate the performance of the proposed sparse spectrum approach

for automotive applications.

A. Range Spectrum With Carriers Selection and Weighting

To demonstrate the performance of range and Doppler

estimation using the proposed SSFW, for one burst cycle,

N = 300 pulses are transmitted on carriers that are uni-

formly at carefully designed over [fc, fc +B]. The start carrier

frequency is fc = 77 GHz, and the effective bandwidth is

set to B = 200 MHz, corresponding to range resolution of
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Fig. 3. Range spectrum comaprsion. Top: random sparse carriers. Middle:
optimally selected carriers by PSO. Bottom: optimally selected carriers with
weighting.

ΔR = 0.75 m. The pulse duration is Tp = 25 ns and the step

frequency is Δf = 0.5 MHz. The maximum unambiguous

detectable range is Ru = 300 m. The burst cycle repetition

interval is T = 25 μs. The maximum unambiguous detectable

velocity is vmax = λ/(4T ) = 38.96 m/s. To measure the

target velocity, M = 300 burst cycles are carried out with

a dwell time of MT = 7.5 ms, rendering a velocity resolu-

tion of Δv = λ/(2MT ) = 0.26 m/s. To achieve waveform

orthogonality among transmit antennas, a Chu sequence of

length M = 307 was generated and then truncated into length

M = 300 for phase coding in slow-time. The SNR of the

demodulated echo signals at receiver is set to 10 dB. Two

targets are placed at 100 m and 200 m with normalized

amplitude of 1 and 0.15, respectively. To suppress the high

range sidelobes, subcarriers are optimally selected via the PSO

algorithm. Figure 2 shows the convergence of PSO algorithm

with parameters of N = 300, G = 100, c1 = c2 = 2, and 800

populations. After around 50 times iteration, an acceptable

PSL, nearly -29 dB, has been achieved. In the following, the

weights obtained by solving the optimization problem (11)

are applied to the fast-time samples corresponding to sparse

carrier frequencies obtained from PSO algorithm.
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Fig. 4. Sparse step-frequency waveform radar detection performance com-
parison.

Figure 3 plots the comparison of range spectrum of the

two targets under random sparse carrier frequencies allocation,

optimal sparse carrier frequencies by PSO, as well as optimal

carriers with weighting. It can be found that there are high

range sidelobes under the random sparse carrier frequencies

allocation, and as a result, the target with weak RCS might

not be detected with introducing false alarm. On the contrary,

the range sidelobes are significantly reduced under the sparse

carriers optimally selected by PSO algorithm. The weighting

vector helps further minimize the peak sidelobe level. As a

result, the target of R = 200 m with low RCS can be reliably

detected.

Figure 4 shows the receiver operating characteristic (ROC)

curve to show the radar detection performance. Let R̂ denote

the estimated range of a target. If
∣∣∣R̂−R

∣∣∣ ≤ ε for a small

value of ε, the target is detected. In the ROC curve of Fig. 4,

we set ε = 0.5 m. It can be seen that under the optimally

selected sparse carriers with weighting, the targets can be

detected reliably with a high probability of detection (PD) of

100% at a very small probability of false alarm (PFA) of less

than 4%, while under random sparse carrier allocation, the PD

can be 100% only when PFA is larger than 38%.

B. Range-Doppler Spectrum Under Interference

In this section, we evaluate the range-Doppler spectrum

of the proposed SSFW MIMO radar with slow-time phase

coding via simulations. We assume there are Mt = 2 transmit

antennas. A Chu sequence of length M = 307 is first gener-

ated and truncated into length of M = 300. We consider the

scenario that the carrier frequencies are contaminated partially

by interference. The interference is modeled as i.i.d. circular

Gaussian random variable with zero mean and variance of

σ2
I . The signal-to-interference ratio (SIR) in the m-th burst

of pulses is defined as SIR = 10 log 10
(‖y(m,:)‖2

|Λ|σ2
I

)
, where

Λ is an integer set consisting of sparse carriers that are

contaminated by interference. In the simulation, we consider

the case that frequencies in [fc +B −Δ, fc +B] are partially

overlapped with other automotive radar, where Δ = 50 MHz.
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Fig. 5. Range Doppler spectrum of the SSFW MIMO radar for optimally
selected carriers with weighting. Here, symbol × denotes the ground truth.

Figure 5 plots the range-Doppler spectrum of the two targets

at ranges of R1 = 100 m and R2 = 200 m, with the same

velocity of v = −20 m/s. The SIR is set to SIR = 10
dB. All the other radar parameters are the same as those

listed in Section III-A. It can be found that the effect of

interference is to increase the noise level of range-Doppler

spectrum. Under the Chu sequence, the waveform residual

from other transmit antenna is equally distributed over the

whole Doppler spectrum corresponding to each target range

bin. When partial carriers are contaminated by interference,

the two targets can be detected reliably under the optimally

selected carriers and weighting, i.e., the SSFW MIMO radar

is robust to interference.

IV. CONCLUSIONS

In this paper, we developed a new automotive radar system

utilizing a thinned frequency spectrum to synthesize a large

effective bandwidth for high range resolution profiles. To avoid

the situation that targets with small RCS may be masked by

the high range sidlobes, we optimally selected the carriers

and applied an optimal weighting vector such that the peak

sideloble level was minimized. Numerical simulation verified

that the proposed automotive radar yields high performance

for range estimation with low-cost.
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