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Abstract—It was recently shown that MIMO radars with sparse
sensing and matrix completion (MC) can significantly reduce the
volume of data required by MIMO radars for accurate target
detection and estimation. In MIMO-MC radars, the subsampled
target returns are forwarded by the receive antennas to a fusion
center, partially filling a matrix, referred to as the data matrix. The
data matrix is first completed via MC techniques and then used
to estimate the target parameters via standard array processing
methods. This paper studies the applicability of MC theory on
the data matrix arising in colocated MIMO radars using uniform
linear arrays. It is shown that the data matrix coherence, and
consequently the performance of MC, is directly related to the
transmit waveforms. Among orthogonal waveforms, the optimum
choices are those for which, any snapshot across the transmit
array has a flat spectrum. The problem of waveform design is
formulated as an optimization problem on the complex Stiefel
manifold, and is solved via the modified steepest descent method,
or the modified Newton algorithm with nonmonotone line search.
Although the optimal waveforms are designed for the case of tar-
gets falling in the same range bin, sensitivity analysis is conducted
to assess the performance degradation when those waveforms are
used in scenarios in which the targets fall in different range bins.
Index Terms—Complex Stiefel manifold, matrix completion,

multiple-input multiple-output (MIMO) radar, waveform design.

I. INTRODUCTION

U NLIKE traditional phased-array radars which transmit
fully correlated signals through their transmit antennas,

multiple-input multiple-output (MIMO) radars [3] transmit
mutually orthogonal signals. The orthogonality allows the
receive antennas to separate the transmitted signals via matched
filtering. The target parameters are obtained by processing the
phase shifts of the received signals. MIMO radars offer a high
degree of freedom [4] and thus enable improved resolution.
Since the transmitted signals are orthogonal, the transmit beam
is not focused on a particular direction [5], which results in
decrease of illumination power. Pulse compression techniques
are typically used to improve the range resolution as well as
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strengthen the receive signal power. The transmit pulse can be
coded or modulated, e.g., phase-coded pulse or linear frequency
modulated (LFM) pulse [6].
The idea of using low-rank matrix completion (MC) tech-

niques in MIMO radars (termed as MIMO-MC radars) was first
proposed in [7], [8] as means of reducing the volume of data re-
quired byMIMO radars for accurate target detection and estima-
tion. In particular, [8] considers a colocated pulse MIMO radar
scenario with uniform linear arrays (ULAs) at the transmitter
and the receiver. The transmit waveforms are pulse coded. Each
receive antenna samples the target returns and forwards the ob-
tained samples to a fusion center. Based on the data received, the
fusion center formulates a matrix, referred to as “data matrix”,
which can then be used in standard array processing methods
for target detection and estimation. If the data samples are ob-
tained in a Nyquist fashion, and the number of targets is small
relative to the number of transmit and receive antennas, the data
matrix is low-rank [7]. Thus, it can be recovered from a small
subset of its uniformly spaced elements via matrix completion
(MC) techniques. By exploiting the latter fact, the MIMO-MC
radar receive antennas obtain a small number of samples at uni-
formly random sampling times. Based on knowledge of the sam-
pling instances, the fusion center populates the data matrix cor-
responding to Nyquist sampling in a uniform sparse fashion, and
subsequently recovers the full matrix via MC techniques. This
is referred to as Scheme II in [8]. Alternatively, the receive an-
tennas performmatched filtering with a randomly selected set of
transmit waveforms, and forward the results to the fusion center,
partially populating the data matrix corresponding to matched
filtering with all transmit waveforms. The data matrix is subse-
quently completed via MC. This is referred to as Scheme I in
[8]. As compared to MIMO radars, both Schemes I and II re-
duce the number of samples that need to be forwarded to the
fusion center. If the transmission occurs in a wireless fashion,
this translates to savings in power and bandwidth. As compared
to MIMO radars based on sparse signal recovery [9]–[11], it
has been shown in [8] that MIMO-MC radars achieve similar
performance but without requiring a target space grid. This is
because MC techniques do not require building a basis matrix
based on the discretized target space. However, this advantage
is achieved at a cost of higher computation complexity, arising
from the need of both matrix recovery and subspace estimation
methods.
Details on the general topic of matrix completion and the

conditions for matrix recovery can be found in [12]–[14]. The
conditions for the applicability of MC on Scheme I of [8] can
be found in [15]. In that case, and under ideal conditions, the
transmit waveforms do not affect the MC performance. On the
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other hand, for Scheme II of [8], it was shown in [8], [16] that
the transmit waveforms do affect the matrix completion perfor-
mance, as they directly affect the data matrix coherence [13];
a larger coherence implies that more samples need to be col-
lected for reliable target estimation. That observation motivates
the work in this paper, where we explore the relationship be-
tween matrix coherence and transmit waveforms for Scheme
II of [8], and design waveforms that result in the lowest pos-
sible coherence. We should note here that waveform design for
MIMO radars has been extensively studied [17]–[25] but not
from the point of view of coherence minimization.
Since the waveforms are constrained to be orthogonal, we

formulate the design problem as an optimization problem on
the complex Stiefel manifold [26], and for its solution employ
the modified steepest descent algorithm [27] and the modified
Newton algorithm. The local gradient and Hessian of the cost
functions are derived in closed forms. We also provide sensi-
tivity analysis of the optimized waveforms for the scenario of
targets falling in different range bins. In particular, we show
that for relatively small delays, i.e., of the order of the radar
pulse duration, the matrix coherence increases only slightly as
the maximal range delay increases. Numerical results show that
the optimized waveforms result in improved angle estimation
performance.
The rest of this paper is organized as follows. Some back-

ground on noisy matrix completion and MIMO-MC radars is
provided in Section II. The matrix coherence analysis results
under the scenario of targets falling in the same range bin are
presented in Section III, while the waveform design is addressed
in Section IV. Sensitivity analysis of optimized waveforms in
the scenario of targets falling in different range bins is studied
in Section V. Simulations results are given in Section VI. Fi-
nally, Section VII provides some concluding remarks.

Notation
See Table I for the notation used in the paper.

II. BACKGROUND

A. Matrix Completion
The recovery of a rank- matrix based on par-

tial knowledge of its entries depends on the coherence of its left
and right singular spaces [12]–[14]. Let the compact singular
value decomposition (SVD) of be ,
where are the singular values, and and
the corresponding left and right singular vectors, respectively,
and let be the subspaces spanned by and , respec-
tively. The coherence of (and similarly of ) quantifies the
similarity of the singular vectors to the standard basis and is de-
fined as [12]

(1)

where denotes the -th row of matrix .
Matrix has coherence with parameters and if

(A0) for some positive .
(A1) The maximum element of the matrix

is bounded by in absolute
value, for some positive .

TABLE I
NOTATIONS.

In fact, it was shown in [12] that if (A0) holds, then (A1) also
holds with . If matrix satisfies ( )
and ( ), then there exist constants and such that if

for some , the minimizer of the optimization program

(2)

with being the observation operator and the set of
indices of observed entries with cardinality , is unique and
equal to with probability at least , where

. For the bound can be improved
to , without affecting the probability of
success [12].
Thus, the lower the coherence parameter , the fewer en-

tries of are required to estimate . Consequently, matrix
recovery with as few entries as possible requires the matrix sin-
gular vectors to be uncorrelated to the standard basis, or equiv-
alently, sufficiently spread [12]. The coherence lower bound is
one. In this paper, we say the coherence of a given matrix is op-
timal as long as it achieves its lowest bound.
In practice, the observations are typically corrupted by

noise, i.e., , where,
represents noise. The completion of is done by solving
a nuclear norm optimization problem subject to the con-
straint . Assuming that the noise is
zero-mean with variance , is a parameter defined as

[14]. Let be the solution of the nuclear
norm minimization problem. It can be shown that the error
norm is bounded as [14]

(3)

with high probability. If has favorable coherence properties,
the matrix completion for both noiseless and noisy cases will be
stable.
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B. MIMO-MC Radar

We consider the problem formulation proposed in [8] for
scheme II. The scenario involves narrowband orthogonal
transmit waveforms, transmitted in pulses with pulse repetition
interval and carrier wavelength , far-filed targets at
angles , and ULAs for transmission and reception, equipped
with transmit and receive antennas, respectively, and
inter-element spacing and , respectively (see [8, Subsec-
tion B of Section II]).
During each pulse, the -th, antenna

transmits a coded waveform containing symbols
of duration each. The baseband

representation of the waveform is

(4)

where , with uniformly
distributed in , and taking arbitrary positive
values; is a rectangular pulse with duration . In
this paper, we relax the constant amplitude requirement to ex-
ploit more degrees of freedom for waveform design. A similar
relaxation was also exploited in [24], [25]. We admit however,
that this relaxation would require special attention at the radar
transmitters. We will assume that the waveforms are sufficiently
narrowband, i.e., and targets are slow moving,
i.e., , where is the speed of light and is target
speed.
In the following, we do the analysis for a scenario in which

all targets are in the same range bin [3], [4]; in Section V, we
will study sensitivity issues arising from targets appearing in
different range bins. Suppose that the receive antennas sample
the target echoes with sampling interval and forward their
samples to a fusion center. Let be the matrix formulated at
the fusion center, with each antenna contributing a row to . It
holds that

(5)

where is an interference/noise matrix and

(6)

In the equation above, is the transmit steering
matrix (respectively defined is ) with

and ,
where is the angle of the -th target, or equivalently, is
the spatial frequency corresponding to the -th target. Matrix
is defined as

(7)

where , with denoting the pulse index,
denoting the Doppler shift of the -th target, and

denoting target reflection coefficients
and speeds, respectively.
with , is the sampled waveform

matrix, with its vertical dimension corresponding to sampling
along time and its horizontal dimension corresponding to
sampling across the array (sampling in space). The -th row of
can be thought of as the snapshot of the waveforms across

the transmit antennas at sampling time . Due to the assumed
orthogonality of the waveforms, it holds that
when [28].
When both as well as are larger than , the noise

free data matrix is rank- and can be recovered from a small
number of its entries via matrix completion. This fact motivated
the approach of [7], [8], which calls for subsampling the target
echoes at the receive antennas in a uniformly pseudo-random
fashion, partially filling the data matrix at the fusion center, and
then completing the data matrix via MC techniques. This ap-
proach reduces the number of samples that need to be forwarded
to the fusion center. It turns out that the applicability of MC de-
pends on the transmit waveforms. In the next section, we derive
the necessary and sufficient conditions which the transmit wave-
forms must satisfy so that the coherence of is asymptotically
optimal, i.e., it approaches 1 as increases.

III. COHERENCE OF AND OPTIMAL
WAVEFORM CONDITIONS

In this section, we analyze the coherence of , for the
MIMO radar system defined in the previous section. In partic-
ular, (1) we provide sufficient and necessary conditions for the
optimal transmit waveforms under which the coherence of
attains its lowest possible value; (2) under those conditions,
we show asymptotic optimality of the coherence of w.r.t.
the number of transmit/receive antennas; (3) we show that the
coherence of does not depend on the Doppler shift.

A. The Coherence of

Let denote the discrete-time Fourier transform
(DTFT) of the -th snapshot of the transmit waveforms evalu-
ated at spatial frequency , i.e.,

(8)

where are the elements in the -th row of .
Before we proceed we provide a lemma (whose proof is fairly

simple and can also be found in [29]) that will be useful in the
subsequent theorems.
Lemma 1: For the MIMO radar system described in

Section II-B with , and targets randomly located
at angles , or equivalently, at spatial
frequencies , it holds that

(9)

The waveforms conditions under which the coherence of
attains its lowest value are summarized in the following

theorem.
Theorem 1: (Optimal Waveform Conditions): Consider the

MIMO radar systems as defined in Section II-B, with .



SUN AND PETROPULU: WAVEFORM DESIGN FOR MIMO RADARS WITH MC 1403

The necessary condition under which the coherence of
attains its lowest possible value is

(10)

A sufficient condition for the coherence of to attain its lowest
possible value, independent of the target angles is

(11)

Proof of Theorem 1: To make the proof more tractable, we
break it into two parts. In the first part, we characterize the SVD
of the matrix in order to identify the actions that are needed
in order to bound its coherence. In the second part, we derive
the optimal conditions of the coded orthogonal waveforms.

1) Characterization of the SVD of : The compact SVD
of can be expressed as

(12)

where , such that ,
, and is a diagonal matrix containing

the singular values of .
Consider the QR decomposition of , i.e., , with

, such that and
an upper triangular matrix. Similarly, consider the QR decom-
position of , i.e., , with , such
that and an upper triangular ma-
trix. The matrix is rank- and its SVD can
be expressed as . Here, is
such that (the same holds for )
and is non-zero diagonal, containing the singular
values of . Therefore, it holds that

(13)

which is a valid SVD of since and
. Via the uniqueness of the singular

values of a matrix, it holds that , thus and
.

Let denote the -th column of . The coherence of the
row space of is

(14)

It can be seen from (14) that is determined by , which is
only related to the receive steering matrix and is independent
of the transmit waveform . In the MIMO radar systems under
ULA configuration with , under the assumption that
the target angles set are distinct with minimal spatial
frequency separation , it was shown in [15] that

(15)

where is the Fejér kernel (see (26)).

Let and , denote the -th row of and
, respectively. For the coherence of the row space of we

have

(16)

where

(17)

Here, we use the symbol to denote the minimal eigen-
value of a matrix. In addition, we apply the fact that the eigen-
values of a Hermitian matrix are real, and the eigenvalues of
are the complex conjugate of the eigenvalues of . Thus, if
is Hermitian, its eigenvalues are equal to eigenvalues of .
In the MIMO radar systems under ULA configuration with

, under the assumption that the target angles are dis-
tinct with minimal spatial frequency separation , it was shown
in [15] that

(18)

where is the kernel defined in (26). Therefore, re-
garding the coherence of the row space of , we have

(19)

Next, we focus on finding the minimum of the supremum of
over , which results in the optimal wave-

form conditions.
2) Optimal Waveform Conditions: The transmit steering

matrix under a ULA configuration has a Vandermonde struc-
ture. Consequently, it holds that

(20)

Therefore, the coherence bound of the row space of is

(21)



1404 IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 9, NO. 8, DECEMBER 2015

The lowest possible coherence bound of can be achieved
by finding waveforms that minimize .

This can be formulated as a min-max optimization problem
subject to the constraint given in Lemma 1, i.e.,

(22)

Since , for , the optimal solution
of the min-max optimization problem is

(23)

The solution, as shown in (23) depends on the specific target
spatial angles . Since these angles are not known,
we need to consider every possible angle in the angle space

, or every . Thus, the optimal
waveforms should sufficiently satisfy:

(24)

The condition of (24) indicates that the power spectrum of
each snapshot should be flat in the spatial frequency range

, which would be satisfied if each waveform
snapshot was white noise type sequence with variance .
This completes the proof of Theorem 1.
Under the optimal waveforms conditions stated in the The-

orem 1, the coherence of matrix is asymptotical optimal, as
stated in the following theorem.
Theorem 2: (Coherence of ): Consider the MIMO radar

system as presented in Section II-B and distinct targets. Let
the minimum spatial frequency separation of the targets be

(25)

and assume that . Let us also define

(26)

For and under the optimal waveform conditions
stated in Theorem 1, as long as

(27)

the matrix obeys the conditions (A0) and (A1) with

(28)

and with probability 1.

Proof of Theorem 2: Following Theorem 1, for waveforms
that satisfy the necessary condition (23), it holds that

(29)

Consequently, under the optimal waveforms conditions, and via
inequality (15), we get (28). It was shown in [12] that in the
general case, always holds true. Thus both (A0)
and (A1) hold.

Remarks
1) Asymptotic Optimal Coherence of : It should be noted

that kernel is a periodic function of .
For , the spatial frequency separation

corresponding to both transmit and receive arrays, satisfy
. If , we can find a small

constant and such that the
Dirichlet kernel and the kernel

satisfy
. Consequently, the values of de-

crease as increase. Then, for any fixed , if
, or equivalently, if

(30)

both (15) and (29) hold. Consequently, under the optimal wave-
form conditions, it holds that

Since , via the coherence definition, it must hold that
under the optimal waveform conditions in the limit
w.r.t. . Similarly, it must hold that in the limit
w.r.t. . As a result, the coherence of is asymptotically
optimal.
It should be noted that the spatial frequency separation re-

quirement is not restrictive. For example, in a ULA with
antennas, the spatial frequency separation of targets should be
larger than the resolution of the array, i.e., . As it can be
seen in the proof of Theorem 2, Theorem 2 holds even when the
spatial frequency separation of the targets is less than the reso-
lution of the array.
2) Coherence and Doppler Shift: It can be easily seen from

Theorem 2 that the coherence of does not depend on the
Doppler shift under the assumption that targets are
moving slowly.

IV. WAVEFORM DESIGN UNDER SPATIAL POWER
SPECTRA CONSTRAINTS

Theorem 1 states that, among the class of orthogonal wave-
forms, and for MIMO radars using ULAs, the optimal wave-
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form matrix should have rows that are white-noise type func-
tions, i.e., the waveform snapshots across the transmit antennas
should be white. In this section, we propose a scheme to op-
timally design the transmit waveform matrix for MIMO-MC
radars. In particular, the design problem is formulated as op-
timization on matrix manifolds [30]. Due to the orthogonality
constraint on the transmit waveforms, which are the columns of
matrix , the matrix manifold is the complex Stiefel manifold,
which is non-convex. The solution can be obtained via the mod-
ified steepest descent algorithm [27], or the modified Newton
algorithm with a nonmonotone line search method [31]. In the
following, the derivative and Hessian of the objective function
w.r.t. the waveform matrix are obtained in a closed form.

A. Problem Formulation

Let us discretize the angle space into phases
, corresponding to the spatial frequencies .

Let for . According to the optimal
condition (24), it holds that

(31)

Define and . It holds
that . Based on (24), let us define the objective
function

(32)

The waveform design problem is formulated as

(33)

Due to the orthogonal constraint, belongs to the complex
Stiefel manifold , defined as

(34)

The nonconvexity of the orthogonal constraint on the com-
plex Stiefel manifold makes the waveform design problem
challenging. In the following we adopt the modified steepest
descent algorithm [27], or the modified Newton algorithm on
the Stiefel manifold to solve the problem of (33).

B. Derivative and Hessian of Cost Function

In this subsection, we will address the derivative and Hessian
of the cost function , defined in (32), w.r.t. the variable
. First, based on the second order Taylor series approximation

(see [27]), the cost function can be written as

(35)

where is the derivative of evaluated at ,
and the matrix pair are the Hessian
of evaluated at . To ensure uniqueness, we require that

.
The complex-valued derivative is used in the modified

steepest descent method. To calculate the Newton direction with
the standard Newton method [32], we will use the second order
Taylor series expansion of the function in the
well-known vector form with real-valued elements as

(36)

where the vector is defined as

(37)

In the above, is the derivative of evaluated at
, similarly defined in terms of its real and imaginary parts as
is in (37), and is the Hessian of evalu-
ated at (for definitions, see Section IV-D). The derivatives and
Hessians developed in the above two Taylor series expansion
forms of (35) and (36) can be transformed into each other [33].
The derivative and Hessian of the cost function , along

with the derivation details are given in the Appendix.

C. Modified Steepest Descent on the Complex Stiefel Manifold
Here, we apply the modified steepest descent method of

[27] to solve the optimization problem of (33). Let
denote the tangent space, i.e., the plane that is tangent to the
complex Stiefel manifold at point [26]. The
inner product in the tangent space is defined using the canonical
metric [26] in the complex-value case, i.e.,

(38)

for .
Let be the steepest descent at point

in the -th iteration. The steepest descent algorithm
starts from and moves along with a step size , i.e.,

(39)

To preserve the orthogonality during the update steps, the
new point is projected back to the complex Stiefel
manifold, i.e., , where is the pro-
jection operator. For a matrix with
and with SVD , the point in the Stiefel manifold
that is nearest to in the Frobenius norm sense is given by

[27].
Themodified steepest descent is defined as follows [27]. Let

be the local cost function for
. The gradient of at under the canonical

inner product (38) is

(40)

where denotes the derivative of (see (63)).
Then, the modified steepest descent is .
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Algorithm 1 Modified steepest descent algorithm

1: Initialize: Choose and parameters
, . Set

.
2: Descent direction update: Compute the descent direction

as via (40).
3: Convergence test: If , then stop.
4: Line search update: Compute

and .
If and

, then set
and repeat Step 4.

5: Cost update: ,
.

6: Perform update , . Go
to Step 2.

The step size is chosen using a nonmonotone line search
method based on [31], i.e., so that

(41)
(42)

Here, is taken to be a convex combination of the function
values , i.e.,

(43)

where , and . In the
above, the parameter controls the degree of nonmonotonicity.
When , the line search is the usual monotone Wolfe or
Armijo line search [34]. When , then

(44)

The modified steepest descent algorithm is summarized in
Algorithm 1.

D. Modified Newton Algorithm on the Complex Stiefel
Manifold

With expressions for the derivative and Hessian of the cost
function given in (63), (64) and (65), we can now formu-
late the Newton method [32] to solve the waveform design
problem of (33).
First, the Newton search direction is calculated as follows.

Let denote the Newton search direction in the
-th iteration. Along the lines of [35], we arrange the complex-

valued elements of into a real-valued vector of length
, defined as

(45)

Let us also define the real-valued vector

(46)

and the real-valued matrix

(47)

Following the standard Newton method, the vector is com-
puted as

(48)

where is chosen to make the matrix positive
definite. Consequently, the complex-valued Newton search di-
rection can be found as , which
is the inverse vector operation defined in (45).
In the -th iteration, the standard Newton method performs

the update

(49)

where is the step size. Since the waveforms are on the complex
Stiefel manifold, to preserve the orthogonality in the modified
Newton method, the new point is projected back to the
complex Stiefel manifold, i.e.,

(50)

It should be pointed out that the Hessian matrix defined in
(47) is not always positive definite. In each step we choose

such that is positive definite. If matrix has
nonpositive eigenvalues, should be larger than ,
where is the minimal eigenvalue of . In the local area
of the minimum, the modified Newton update will approach
the pure Newton step. However, if is chosen very large, the
modified Newton search direction will be close to the nega-
tive steepest descent. Last, the step size could be obtained
using a nonmonotone line search method along the lines of [31].
Throughout the modified Newton method, the inner product
of two matrices is defined as

. The modified Newton algorithm is summarized in
Algorithm 2.

V. PERFORMANCE OF PROPOSED WAVEFORMS WHEN
TARGETS FALL IN DIFFERENT RANGE BINS

In the above derivation of the optimum waveform we used
the model of [3], which is valid for targets falling in the same
range bin. When the targets fall in different range bins, the
model has to be modified to account for different delays in the
transmit waveforms, corresponding to the different targets. In
that case, the orthogonality of the delayed waveforms cannot be
guaranteed.
In this section, we consider the scenario of targets falling in

different range bins, and determine the effect on performance
when using the waveforms designed in Section IV, i.e., wave-
forms optimized under the simplified scenario of targets falling
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Algorithm 2 Modified Newton algorithm

1: Initialize: Choose and parameters
, . Set

.
2: Compute the derivative with (63) as well as Hessian

with (64) and (65).
3: Convergence test: If , then stop.
4: Newton search direction computation: Compute

the real-valued vector via (46), as well as the
real-valued matrix via (47). Compute the vector
via (48). The Newton search direction is arranged as

.
5: Line search update: Compute

and . If
and , then set

and repeat Step 5.
6: Cost update: ,

.
7: Perform update , . Go

to Step 2.

in the same range bin. In the following we will assume that the
orthogonal waveforms satisfy (24).
To model this case we will adopt the model of [36], modified

for a ULA array configuration and assuming that the Doppler
shifts within a pulse can be ignored because the targets are
moving slowly. Let and be the maximum and
minimum ranges of far field targets at the initial sampling
time. The maximum range delay normalized by is

(51)

Let us set the length of the sampling window at the receiver
end to , where and ; we
will assume that the target reflections fall within this sampling
window. During the -th pulse, the -th target echo received
at the -th receive antenna and the corresponding demodulated
baseband signal are given in [36, equations (3) and (4), respec-
tively]. For our scenario, the noise-free sampled received data
at the -th receive antenna during the -th pulse can be approx-
imated as

(52)
where ,
with denoting the range of the -th target at the
initial sampling time; is the Doppler shift defined in
(7); ;

is the transmit
steering vector. By collecting samples from all receive an-
tennas at the fusion center, the noise-free data matrix can be
constructed as

(53)

Fig. 1. Illustration of transmit waveform spectra versus the index of transmit
waveform arrival at the receiver end.

where ,
.

We should note that although and do depend on the pulse
index, for notational convenience, this dependence will not be
shown.
To analyze the coherence of , we do a QR decompo-

sition of , along the lines of Section III, i.e., with
such that . Let denote the -th

row of . It holds that

(54)

where and
with .

It holds that ,
where is the waveform covariance matrix [19] with

and is a
shifting matrix defined as [19]

. . . (55)

for . Since the waveforms are orthogonal it holds
that , and becomes

...
. . .

...

(56)

In order to compute bounds for , we need to first com-
pute and (see [37]). It can be seen than

and
with

(57)
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Fig. 2. Objective function of (32) vs. iteration number: (a) DOA space and using the modified steepest descent algorithm; (b) DOA space
, and using the modified steepest descent algorithm; (c) comparison of the modified steepest descent and the modified Newton

algorithms for and DOA space .

Then, the lower bound of , can be found as (see The-
orem 2.1 in [37])

(58)

Next, we find the minimum supremum of over
. Without loss of generality, we assume that the

ranges of targets are ordered as . Thus,
. To better understand the term ,

in Fig. 1 we give an illustration of the power spectra of the
transmitted waveforms corresponding to spatial frequency ,
in the order in which the waveforms arrive at the receiver end.
It holds that

...

...

(59)
It is easy to verify that

(60)

It can be seen that the maximum value of over
is determined by the spatial power spectra

as well as the delay corresponding to

each target. Based on the conditions of (24), it holds that
.

Combining the above we get

(61)

One can see that as increases, the above bound tends to
.

Corollary 1: If the orthogonal waveforms not only satisfy the
sufficient condition stated in (24) but are also designed to have
zero auto and cross-correlations for maximal normalized delay
range , i.e., , then it holds that

and thus . As a result,

(62)

Proof: The conclusion is straightforward from the above
analysis and the proof is omitted here.
The above analysis shows that, if the proposed waveforms

were to be used in a scenario in which the targets fall in dif-
ferent range bins, the coherence would increase slightly
as the maximum normalized range delay increases. Fortunately,
the coherence is bounded by 2 for most of the possible
values of (see Fig. 3(b) for an example). Our analysis
also indicates that if the proposed waveforms were designed to
additionally have good correlation properties, they would yield
the lowest upper bound of coherence . Waveforms with
good correlation properties result in better range resolution and
have been widely investigated [19], [38]. One could combine
the condition of (24) with waveform correlation criterion used
in [19], [38] to design waveforms for the scenario in which tar-
gets have different angles and fall into different range bins. Such
waveforms not only result in the lowest matrix coherence but
also have better range resolution. This kind of design will be
subject of future study.

VI. NUMERICAL RESULTS
In this section, we provide numerical results to demon-

strate the performance of the proposed waveform matrix
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Fig. 3. Coherence for targets located at . (a) and its bound, defined in (29), for targets in the same range bin; (b)
versus with for targets in different range bins; (c) and its bound, defined in (61), with for targets in different range bins.

design schemes. Both transmit and receive antennas are con-
figured as ULAs with and carrier
frequency . The pulse repetition interval
is and the pulse duration is

. The target reflection coefficients
remain constant during the processing interval [6].

A. Performance Comparison of Waveform Design Methods
Wefirst design the waveformmatrix by applying themodified

steepest descent method. We take and the di-
rection of arrival (DOA) space . Correspond-
ingly, , the number of discretized angles
is and the steering matrix has dimension 40 21. In
the nonmonotone line search, we chose and .
These values are selected by trial and error to satisfy the Wolfe
conditions (41) and (42). In addition, we set to adjust
the step size, and set as the stopping check value.
The initial step size is set to . The iteration is initialized
with a column-wise Hadamard matrix , i.e., a
matrix that has Hadamard sequences in its columns. The con-
vergence of the proposed modified steepest descent algorithm
for is shown in Fig. 2(a). As it can be seen from
Fig. 2(a), the objective value under decreases the
fastest, while under decreases very slowly for number of
iterations less than 2000. The simulation results indicate that the
performance of the line search method could be improved if his-
torical objective values are partially utilized in each iteration, as
indicated in (43). The simulation results also show that the value
of the objective function, , approaches its global minimal, i.e.,
0. The corresponding optimal solution, , is not unique, and de-
pends on the initial point and the step size. Based on extensive
simulations, not shown here due to space constraints, all solu-
tions result in very similar MC recovery performance (see sim-
ulations in [2], [29]).
Since the complex Stiefel manifold is not a convex set, there

is no guarantee that the algorithms will converge to the global
minimum. In the problem of (33), the number of equations is

, which should be less than the total avail-
able combinations, . Consequently, to make the objective
function zero, it must hold that .
Our simulations show that for the entire DOA space

, corresponding to , when the di-
mension of is relatively small, e.g., and

therefore , the objective
value gets stuck to local minima; however, if the spacing
increases, for example to 5 , corresponding to , the
iteration converges to the global minimum. If the dimension
is relatively large, e.g., , even for small
spacing, i.e., 1 , the objective value converges to its global
minimum (see Fig. 2(b) for ).
Next we provide a numerical example to compare the

performance of the modified steepest descent algorithm and
the modified Newton algorithm. Since the complexity of the
Newton method increases with the size of the matrix, we
conduct the comparison for and DOA space

. A column-wise Hadamard waveform matrix
is used as initial search point for both algorithms.

The performance comparison is illustrated in Fig. 2(c), where
it can be seen that the value of the objective function, ,
under the modified Newton algorithm decreases much faster
than that under the modified steepest descent algorithm.

B. Coherence Properties Under Optimized Waveforms
1) Targets in the Same Range Bin: We first look at the coher-

ence properties under the optimized waveforms for the scenario
in which all targets fall in the same range bin. In Fig. 3(a), we
plot the coherence of matrix and its bound, defined
in (29), versus the number of transmit antennas, corresponding
to targets located at angles . The op-
timized waveforms for different values of are obtained by
solving the problem of (33) via Algorithm 1 focusing on DOA
space , i.e., . For comparison, the co-
herence under the Gaussian orthogonal (G-Orth) wave-
form matrix is also plotted, where the results are averaged over
100 independent implementations, and in each implementation
the waveforms are generated randomly. It can be seen that the
average coherence under G-Orth waveforms is higher than the
coherence under the optimized waveforms over the entire
range. On the other hand, under the optimized waveforms, our
simulations show that for different number of targets, the coher-
ence is always bounded by the bound of (29), and approaches
its smallest value (not necessarily in a monotone way) when
increases. The simulation results in Fig. 3(a) confirm the con-
clusions in Theorem 2 , i.e., when the waveforms satisfy the
optimal waveform conditions stated in Theorem 1 , the matrix
coherence is asymptotically optimal w.r.t. . We should
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note, however, that the rather big coherence difference between
the optimized and the G-Orth waveforms, does not translate to
substantial difference in terms of matrix recovery error. Indeed,
the G-Orth waveforms perform very closely with the optimized
ones when becomes larger.
2) Targets in Different Range Bins: Next, we conduct simu-

lations considering the scenario of targets falling into different
range bins, and test the coherence for different maximum
normalized delay and number of transmit antennas .
In Fig. 3(b), we plot the coherence versus

and for targets located at for
. The maximum range is set so

that takes values from 0 to . The simulation results
are averaged over 100 independent implementations, and in
each implementation the ranges of the middle two targets
are chosen randomly in . It can be seen
from Fig. 3(b) that increases as becomes larger. In
addition, under the optimized waveforms is the lowest
as compared to Hadamard and G-Orth waveforms, which is
slightly higher than and less than 2 for most
values. In Fig. 3(c), we plot versus for
targets located at , where . The
results are averaged over 100 independent implementations; in
each implementation the two middle target ranges are chosen
randomly in , and G-Orth waveforms are
randomly generated. It can be seen from Fig. 3(c) that the
averaged under the optimized waveforms decreases
slightly as increases and is bounded by (61).
Our simulation results show that when targets are not all in

the same range bin, , computed under the optimized wave-
forms, is close to for a wide range of , values.

C. Matrix Recovery Error Performance
Here, we look at the MC performance as function of the

portion of observed entries, , corresponding to the op-
timized waveform matrix, for targets located at

, respectively. For each configuration,
both and antennas are tested. The tar-
gets are moving slowly with speeds . The
signal-to-noise ratio (SNR), defined as the power of all re-
ceive signals at the receiver end over the power of noise, is
set to 25 dB. The simulation results are averaged over 50
independent runs, where in each run, the noise is randomly
generated. The optimized waveform matrices with

are obtained via Algorithm 1, focusing on DOA space
. In the simulations, the data matrix is recov-

ered via the SVT algorithm of [39].
1) Targets in the Same Range Bin: We take all targets to

fall in the same range bin. Fig. 4(a) shows the recovery error,
suggesting that the optimized waveform matrix results in sig-
nificantly better performance as compared to the column-wise
Hadamard matrix, especially for small values of . One can see
that in order to achieve an error around 5%, MC with the opti-
mized waveforms requires about 50% of the data matrix entries
for , and 30% for . On the other hand, MC
with a column-wise Hadamard matrix requires more than 60%
of the data matrix entries for both and . In the
same figure, we also compare the optimized waveforms against

Fig. 4. MC error vs. for targets located at . (a) all targets
fall in the same range bin; (b) the ranges are .

column-wise G-Orth waveforms. One can see that the former
result in lower MC recovery error for smaller 's, while their
advantage diminishes for higher 's. Based on our experience
with simulations, the range of over which the optimized wave-
forms have an advantage over the G-Orth waveforms shrinks as

increases. This observation suggests that for large number of
transmit antennas, the G-Orth waveforms behave like optimal in
the sense that they achieve a comparableMC performance as the
optimized waveforms. Due to the substantially lower computa-
tional cost involved, in such cases G-Orth waveforms would be
preferable in a practical scenario.
Although the waveform design requires angle space dis-

cretization, as suggested by simulations not included here due
to space limitations, the performance is not sensitive when the
targets fall between grid points when .
2) Targets in Different Range Bins: Let us continue on the

configuration in Fig. 4(a), but set the target ranges
to m, corresponding to maximal nor-
malized delay . As shown in Fig. 4(b), the recovery
error under the optimized waveform matrix has a similar per-
formance trend as the scenario considered in Fig. 4(a), i.e., the
optimized waveform matrix results in significant performance
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Fig. 5. Angle-Range images using MIMO-MC radars for targets located at with ranges corresponding
to : (a) Hadamard waveforms; (b) G-Orth waveforms; (c) Optimized waveforms. The other parameters are

.

improvement as compared to the Hadamard matrix. As com-
pared to Fig. 4(a), a slightly larger portion of samples is required
for MC under optimized waveforms to achieve a recovery error
less than the inverse of SNR, i.e., the ratio of noise power over
the targets' power. This is because the coherence in the scenario
of targets falling in different range bins is slightly higher, as in-
dicated in (61).
In both Fig. 4(a) and (b), one can see that increasing could

improve the matrix completion performance for all tested wave-
forms..

D. Target Estimation Performance via MC

Continuing on the scenario in Fig. 4(b), we look at the
target estimation performance after the data matrix is recov-
ered via MC. Since the targets fall in different range bins,
range compression (pulse compression) is first applied to the
recovered data matrix. Then, the DOA and speed estimation
follow using the subspace methods, such as MUSIC [40].
The details of DOA estimation using MUSIC method are
addressed in [8, equation (17)].
Fig. 5 shows the Angle-Range image of the target scene of

Fig. 4(b), using the MUSIC method following MC recovery.
Total pulses are transmitted and portion sam-
ples are collected from antennas. One can see that the
performance of optimized and G-Orth waveforms is better than
that of the Hadamard waveform. False alarms at angles and
0.5 in the wrong range bins are triggered under the Hadamard
waveform; this is due to the waveform poor correlation proper-
ties. Furthermore, the two middle targets at range 3820 m, are
unresolvable under the Hadamard waveform. In this case, the
performance under the optimized waveform is slightly better
than that under G-Orth waveform in terms of magnitude, which
would result in better DOA resolution. However, as increases,
the two waveforms perform comparably (see Fig. 4(b)).
Next, we access the capability of the MC based method to

resolve two closely located targets in the same range bin. We
change the scenario in Fig. 5 by setting and
keep the rest parameters unchanged; here denotes the angle
of the -th target. Two targets are considered to be resolved if

, where denotes the estimation

Fig. 6. Probability of resolution comparison for optimized and G-Orth wave-
forms for .

of the -th target [40]. Fig. 6 shows the probability of resolu-
tion comparison between the optimized and G-Orth waveforms
for . The results are obtained based on 50 indepen-
dent runs, and in each run, the noise is randomly generated. The
probability of resolution is calculated by counting the number
of successful resolvable events over the total number of runs.
It can be seen that the optimized waveform results in a better
probability of resolution as compared to the G-Orth waveform.
High resolution could be achieved using MC under both opti-
mized and G-Orth waveforms.

VII. CONCLUSIONS
We have presented an analysis of the coherence of the data

matrix arising in MIMO-MC radar with ULA configurations
and transmitting orthogonal waveforms. We have shown that,
the data matrix attains its lowest possible coherence if the wave-
form snapshots across the transmit array have flat power spectra
for all time instances. The waveform design problem has been
approached as an optimization problem on the complex Stiefel
manifold and has been solved via the modified steepest descent
algorithm and the modified Newton algorithm. The numerical
results have shown that as the number of antennas increases, the
optimized waveforms result in optimal data matrix coherence,
i.e., 1, and thus, only a small portion of samples are needed
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for the data matrix recovery. For a particular array, the optimal
waveforms depend on the target space to be investigated; for
different regions of the target space, the corresponding optimal
waveforms can be constructed a priori. Since their construction
involves high computational complexity, the optimal wave-
forms can be used as benchmark against easily constructed
waveforms. For example, our simulations revealed that as the
number of transmit antennas increases, simply transmitting
G-Orth waveforms results in comparable matrix recovery per-
formance as transmitting optimized waveforms. Thus, given the
cost of computing the optimized waveforms, certain applica-
tions and under certain conditions may treat G-Orth waveforms
as optimal. Although the optimal waveforms are designed
based on the assumption that the targets fall in the same range
bin, our analysis and simulations showed that they cause only
small amount of performance degradation for relatively small
delays, i.e., of the order of the symbol interval when used in a
scenario in which the targets appear in different range bins.

APPENDIX
DERIVATIVE AND HESSIAN OF

In the following, we list the derivative and Hessian of the cost
function .

(63)

(64)

(65)

where ,
and . In the above, is a commu-
tation matrix, such that

(66)

which can be expressed as [41]

(67)

where is a matrix of dimension with 1 at its -th
position and zeros elsewhere. It holds that .
It is easy to verify that .
To derive the above derivative and Hessian matrices, we give

the following two Lemmas (proofs are in [29]):
Lemma 2: Let

be arbitrary matrices. It can be shown
that

Lemma 3: Let and be general
matrices with arbitrary elements. It holds that

Since and are real-valued matrices, the objective
function defined in (32) can be written as

(68)

In order to find the derivative and Hessian of , we do the
following expansion:

(69)
Here,

(70)

(71)
Thus, it holds that

(72)

Let . Following Lemma 2, it holds that

(73)
In addition, it holds that

(74)

Now, we focus on the first term on the right side of (74).
Following Lemma 3, it holds that

(75)
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where . Further, via (66), it
holds that

(76)

as well as

(77)

Consequently, it holds that

(78)

Let us focus on the second term on the right side of (74). It
holds that

(79)

as well as

(80)

Consequently, it holds that

(81)

Next, let us focus on the third term on the right side of (74).
With (80), it holds that

(82)

Finally, let us focus on the forth term on the right side of (74).
Via (76) (77) and Lemma 3, it holds that

(83)

Therefore, from the expansion of and the matrix
form of the second-order Taylor series (35), we finally obtain
(63) (64) (65).
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