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Abstract-In this paper, we investigate a novel networked 
colocated MIMO radar approach that relies on sparse sensing 
and matrix completion, and enables significant reduction of 
the volume of data required for accurate target detection and 
estimation. More specifically, the receive antennas sample the 
target returns via two sparse sensing schemes, and forward the 
obtained samples to a fusion center. Based on the data from 
multiple antennas, the fusion center can formulate and solve a low 
rank matrix completion problem, which allows for the recovery 
of all information needed for target parameters estimation. Both 
the cases of uniform linear and general 2D arrays are considered. 
The effectiveness of the proposed approach is justified both 
theoretically and through numerical simulations. 

Index Terms-Matrix Completion, Subspace Coherence, 
Strong Incoherence Property, MIMO Radar, Array Processing 

I. INTRODUCTION 

A networked radar is a configuration of transmit (TX) and 
receive (RX) antennas. The transmit antennas transmit probing 
waveforms. By jointly processing the signals from all receive 
antennas the desired target parameters can be extracted. This 
processing can be done at a fusion center, which collects the 
measurements of all receive antennas. In both civilian and 
military applications, there is increasing interest in networked 
radars that are inexpensive and have small form factors, yet 
they enable reliable surveillance of an area. Unfortunately, 
these requirements are competing in nature. Reliable surveil
lance requires the collection, communication and fusion of 
vast amounts of data from various antennas. This in turn 
results in increased operational cost and larger form factors 
because of increased communication cost and computational 
requirements. 

Of particular interest are radars that do not rely on a 
preexisting infrastructure, but are flexible and easy to deploy. 
For example, of interest are radars which can be formed by 
antennas that are placed on the nodes of a sensor network, 
or on the backpacks of soldiers in the battlefield. In that 
case, the receive antennas will send their measurements to 
a fusion center via a wireless link. However, the wireless 
transmission process is power intensive, and would expend 
the nodes' battery resources. 

The performance of radar systems is hampered by target 
scintillations. Targets are complex objects composed of many 
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scatterers, which determine the amount of energy reflected 
back from the target. These scintillations result in signal 
fading, which can reduce the received signal energy to a 
level that does not allow for reliable detection. One way 
to mitigate the effect of fading is to maximize the received 
energy from the target, or equivalently, maximize the system's 
coherent processing gain. This is what phased arrays do 
[1]. An alternative approach to address target fading is by 
exploiting some form of diversity, such as spatial diversity. 
As in multiple input multiple output (MIMO) communication 
systems, spatial diversity can lead to radar performance im
provement. This observation led to MIMO radars [2]-[3] which 
have received considerable attention in recent years. A MIMO 
radar system consists of multiple transmit and receive antennas 
and is advantageous in two different scenarios [4]-[5], namely, 
widely separated antennas, and collocated antennas. In the 
first one [4], the transmit antennas are located far apart from 
each other relative to their distance to the target. The MIMO 
radar system transmits independent probing signals from its 
antennas that follow independent paths, and thus each target 
return carries independent information about the target. Whilst 
a single path may suffer from obscuration or fading, it is 
highly unlikely that this will be the case with multiple different 
paths. Joint processing of the target returns results in diversity 
gain, which enables the MIMO radar to achieve high target 
resolution. Widely distributed MIMO radars offer considerable 
advantages for target parameter estimation [6],[7]. In the 
collocated scenario [8], the transmit and receive antennas are 
located close to each other relative to the target, so that all 
antennas view the same aspect of the target. In this scenario, 
the phase differences induced by transmit and receive antennas 
can be exploited to form a long virtual array with number 
of elements equal to the product of the numbers of transmit 
and receive nodes. This enables the MIMO radar system to 
achieve superior resolution in terms of direction of arrival 
(DOA) estimation and parameter identification [8]. 

Compressed sensing (CS) in MIMO radars was first pro
posed in [9] as a means of maintaining the advantages of 
MIMO radars and at the same time reducing the commu
nication overhead of wireless network radars. According to 
[9], the transmit nodes transmit uncorrelated waveforms. Each 
receive node applies compressive sampling to the received 
signal to obtain a small number of samples, which the node 
subsequently forwards to a fusion center. Assuming a small 
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number of targets, based on the samples forwarded by the 
receive nodes the fusion center formulates an £1 -optimization 
problem, the solution of which yields target angle, Doppler, 
and range information. It was shown in [9] that CS-MIMO 
radars can achieve the same resolution as MIMO radars but 
with significantly fewer data samples, or can achieve signif
icantly higher resolution with the same number of samples. 
Fewer samples imply power savings during the communication 
phase between the receive nodes and the fusion center. The 
power savings not only prolong the life of the network, but also 
render the radar more difficult to detect and destroy. In [9] and 
follow up work [10], [11] the target parameters are estimated 
by exploiting the sparsity of targets in the angle, Doppler and 
range space, referred to as the target space; the target space 
is discretized on a fine grid, based on which a CS sensing 
matrix is constructed, and the target is estimated via sparse 
signal recovery techniques [9]. However, the performance of 
CS-based MIMO radars degrades when targets fall between 
grid points, a case also known as basis mismatch [12], [13]. 

In this work we investigate a novel networked MIMO 
radar system that relies on advanced signal processing, and in 
particular, sparse sensing and matrix completion techniques, in 
order to achieve an optimal tradeoff between the competing 
requirements of reliability and cost. In particular, the goal 
is achieving "super-resolution" in the angle, Doppler and 
range space, while limiting the amount of data measured and 
transmitted by each sensor through the network. As in CS
MIMO radars, the system will employ sparse sensing, thus 
reducing the number of data involved, but unlike CS-MIMO 
radars, it will not require grid discretization. 

II. MIMO RADAR BASED ON SPARSE SENSING AND 

MATRIX COMPLETION 

Matrix completion is of interest in cases in which we are 
constrained to observe only a subset of the entries of an nl x n2 
matrix, because the cost of collecting all entries of a high 
dimensional matrix is high. If a matrix is low rank and satisfies 
certain conditions [14], it can be recovered exactly based 
on observations of a small number of its randomly selected 
entries. There are several MC techniques in the literature 
[14], [15], [16], [17], [18], [19], [20]. For example, in [14], 
[15], [16], [17], recovery can be performed by solving a 
nuclear norm optimization problem, which basically finds the 
matrix with the smallest nuclear norm out of all possible 
matrices that fit the observed entries. This is the matrix 
completion approach we adopt in this work. Other matrix 
completion techniques are based on non-convex optimization 
on manifolds, such as Grassmannian manifolds [18], [19], and 
Riemannian manifolds [20]. 

Let us consider a collocated MIMO radar scenario [8]. The 
transmit nodes transmit orthogonal waveforms, while each 
receive node performs matched filtering with the known set 
of transmit waveforms, and forwards the results to the fusion 
center. Based on the data it receives from multiple antennas, 
the fusion center formulates a matrix (referred to here as 
the data matrix, denoted by �), which, in conjunction with 
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standard array processing schemes, such as MUSIC [21], leads 
to target detection and estimation. 

It can be easily seen that for a sufficiently large number 
of transmission and reception antennas and a small number 
of targets, the data matrix is low-rank. Therefore, it can 
be recovered from a small number of its entries via matrix 
completion techniques. Leveraging the low-rank property of 
that matrix, we propose a new radar system, in which, each 
receive antenna either performs matched filtering with a small 
number of dictionary waveforms and then sends the results 
to the fusion center (see Fig. l(a», or obtains sub-Nyquist 
samples of the received signal and forwards the results to a 
fusion center (see Fig. l(b». Based on the samples forwarded 
by all receive nodes, and with knowledge of the sampling 
scheme, the fusion center applies MC to estimate the full 
matrix (see Fig. 1). 

Sampling Scheme I - Let us consider sampling scheme I, 
in a scenario involving orthogonal transmit waveforms, K 
targets and uniform 2-D arrays for transmission and reception, 
equipped with Mt and Mr antennas, respectively. It can be 
shown that the matrix formulated at the fusion center, obtained 
via sampling scheme I of Fig. 1, can be expressed as [22] 

y � � + Z E eMr x M, , (1) 

where Z is an interference/observation noise matrix that may 
also describe model mismatch, and 

(2) 

where Xr E eMr x 
K (respectively for Xt E eM, x 

K) is an 
alternant matrix defined as 

x � r 

o 
10 

1 
10 

M -1 
10 r 

o 
11 

1 
11 

M -1 
11 r 

If-I ] 
IK-l 

Mr-l 
IK-l 

(3) 

. h 
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RX node, normalized with the signal wavelength A; T(ek) = 

[cos(ek) sin(ek)]
T

, i.e., it is function of the target angles ek; 

D is a K x K diagonal matrix whose diagonal elements depend 
on the target reflection properties and the target speeds (more 
detailed expressions can be found in [23]). 

Let us first consider the simplest uniform linear array (ULA) 
. [ r(t) r(t)] 

[ld ] d case, I.e., Xl Yl = 0 r(t)' where r(t) denotes the 

respective array antenna spacing. In that case, Xr and Xt 
degenerate to Vandermonde matrices. If both Mt and J\!lr are 
larger that K, the noise free data matrix � is of rank K. Thus, 
as a low-rank matrix, it may be recoverable based on a subset 
of randomly (that is, uniformly or according to the Bernoulli 
model) sampled elements. 

Suppose that the lth receive node uses a random matched 
filter bank (RMFB), as shown in Fig. 2, in which, a random 
switch unit is used to turn on and off each matched filter. 
Suppose that Ll matched filters are selected at random out of 
the Mt available filters, according to the output of a random 
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Figure 1: Two sampling schemes for colocated MIMO radar system: (a) Sampling scheme I; (b) Sampling scheme II. 

100 3'-��-��-�-r==��� - Mr=40 . Mt"'10 
- - - Mr=40, Mt40 
. _. _. Mr=10, Mt40 

"0 

1000:----c50=---,cC:OO-=,50=--cc:2QO=---=25=-o ----=3OQ=---=3=50-----C:400 
M, 

1000:----:,0:---=20=---=30-40-c:---c50=-'-=-:60�� 70:-'--'-!:.80�90· 
d' 

(a) (b) (e) 

Figure 3: Probability of the coherence corresponding to a becoming> fLo for !1e = 5°; (b) Average maximum coherence 
corresponding to a as function of the number of transmit and receive antennas for !1e = 5°; (c) Average maximum coherence 
corresponding to a as function of DOA separation. 

Figure 2: Structure of the random matched filter bank (RMFB). 

number generator, returning Ll integers in [0, Mt - 1] based 
on the seed S I. Let .f denote the set of indices of the selected 
filters. Suppose that the same random generator algorithm is 
also available to the fusion center. The lth receive antenna 
forwards the Ll samples along with the seed SI to the fusion 
center. Based on the seed SI, the fusion center generates the 
indices :i, and places the jth sample of the lth antenna in 
the Mr x Mt matrix a at location (l, .f (j)). In total, L1Mt 
entries of the matrix are filled. The fusion center declares the 
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rest of the entries as "missing", and assuming that a meets 
the required conditions, applies MC techniques to estimate 
the full data matrix. Subsequently, based on the estimates ..i 
corresponding to several received pulses, the fusion center can 
compute the sample covariance matrix, it, based on which, the 
MUSIC estimator can yield the target information. 

The conditions for recovery of a matrix via matrix comple
tion are given, roughly speaking, in terms the size of the entries 
of its singular vectors, and more specifically, the coherence 

of the matrix. Matrix coherence constitutes a measure of 
uncorrelatedness of the singular vectors of a matrix to the 
standard basis and is lower bounded by unity. Highly coherent 
matrices are difficult to recover via convex optimization based 
matrix completion methods, while, incoherent matrices are 
much easier to successfully complete [14]. Once the singular 
vectors of matrix a satisfy certain coherence bounds, then 
there exist bounds for the number of randomly sampled entries, 
m, needed to reliably estimate a with very high probability 
[14]. The lower the coherence bound, the fewer entries are 
required to recover M. Since the samples forwarded by the 
receive nodes are obtained in a random sampling fashion, the 
filled entries of a will correspond to a random sampling of 
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a. In order to show that a indeed is recoverable via matrix 
completion techniques, we need to show that the maximum 
coherence of the spaces spanned by its the left and right 
singular vectors is bounded by some small number, say Mo. 
The smaller that number is, the fewer values of a would be 
required for recovering the full matrix. We next show some 
simulations indicating that recoverability is possible. 

Let us consider a scenario with K = 2 point targets. The 
angle of the first target, 81, is taken to be uniformly distributed 
in [-90°, 900J, while the angle of the second target is taken to 
be 82 = 81 + D.8. The target speeds are taken to be uniformly 
distributed in [0,500] mis, and the target reflectivities are taken 
to be zero-mean Gaussian. Both the transmit and receive arrays 
follow the ULA model with spacing )../2, and carrier frequency 
f = 1 x 109Hz. The left and right singular vectors of a were 
computed for 500 independent realizations of 81 and target 
speeds. Among all the runs, the probability that the maximum 
coherence between the left and right singular vector spaces 
is greater than Mo is shown in Fig. 3 (a) for D.8 = 5° and 
different values of Mr, Mt. One can see from Fig. 3 that in 
all cases, the probability that the coherence is bounded by a 
number less than 2 is very high, while the bound gets tighter 
as the number of receive or transmit antennas increases. One 
the average, over all independent realizations, the maximum 
coherence corresponding to different number of receive and 
transmit antennas and fixed D.8, appears to decrease as the 
number of transmit and receive antennas increases. Also, the 
maximum appears to decrease as D.8 increases, reaching 1 for 
large D.8 (see Fig. 3 (c». The rate at which the maximum 
reaches 1 increases as the number of antennas increases. 

Sampling Scheme II - Suppose that the Nyquist rate samples 
of the signals at the RX nodes correspond to sampling times 
ti = iTs, i = 0, . . .  , N - 1 with N = Tp/Ts. Instead of the 
receive nodes sampling at the Nyquist rate, let the lth receive 
antenna sample at times TJ = jTs, j E .:i, where .:i is the 
output of a random number generator, containing L2 integers 
in the interval [0, N -1] according to a unique seed Sl' The lth 
receive antenna forwards the L2 samples along with the seed 
Sl to the fusion center. Under the assumption that the fusion 
center and the receive nodes use the same random number 
generator algori

.
thm, the fusion cen�er places the jth sam�le of 

the lth antenna 10 the Mr x N matnx a at location (I, J (j)), 
and declares the rest of the samples as "missing". 

The full data matrix in this case a is of the form [22]: 

(4) 

where S is a matrix containing as its rows the waveform 
samples of the TX antennas. 

Again, assuming that N > Mt > K, a will be low-rank, 
with rank equal to K. Therefore, under certain conditions, a 
can be estimated based on a subset of its elements. Matched 
�ltering can then be applied to the recovered matrix, i.e., 
a. Subsequently, based on the estimates .i corresponding 
to several received pulses, t�e fusion center can compute the 
sample covariance matrix, R, based on which, the MUSIC 
estimator can yield the target information. 
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Again, simulation results suggest that the probability that the 
coherence corresponding to a will be bounded is very high, 
with the bound becoming smaller as the number of transmit 
antennas increases. 

Let us consider a scenario with Mt = 20, Mr = 40. The 
signal-to-noise ratio (SNR) is set to 25 dB, while the (3k's 
are following complex Gaussian distribution and remain un
changed for Q pulses. In these simulations, matrix completion 
was implemented using the TFOCS software package [24]. 

First, we plot relative errors (averaged over 50 Monte 
Carlo runs) of the received data matrix .i for Hadamard 
and Gaussian orthogonal (G-Orth) waveforms. The relative 

. lIa-all error IS defined as Iiall . F, where a is the data matrix 
calculated without missing elements. Under each waveform 
assumption, K = 2 point targets in the far field are randomly 
generated. The result is shown in Fig. 4 (a). It can be seen 
from this figure that, as p increases, the relative recovery error 
of the data matrix under the Gaussian orthogonal waveform 
assumption reduces to the reciprocal of the SNR faster than 
that under the Hadmard waveform case. A plausible reason 
for this is that under the Gaussian orthogonal waveform, the 
maximum value of elements in the singular vectors of a 
is bounded by a smaller number with high probability, as 
compared with that under the Hadamard waveform. Next, 
the probabilities of DOA estimation resolution under the 
two orthogonal waveforms are plotted in Fig. 4 (b) for the 
following scenario. Two targets are randomly generated among 
DOA range [-20° , 20°] with minimum DOA separations de = 

[0.2°, 0.3°, O.4°, 0.5°, O.7°, 1°J and the corresponding speeds 
are set to 150 and 400 m/ s. The MUSIC algorithm is applied 
to obtain the tarlet DOA information. If the DOA estimates B· 
i = 1, 2 satisfy 8i -Bi I :s; Ede, E = 0.1, we declare this as '� 
success. The probability of DOA resolution is then defined as 
the fraction of successful events in 50 iterations. It can be seen 
from the figure that when p = 0.3, using Gaussian orthogonal 
waveforms results in a much better DOA estimation resolution 
compared to the Hadamard waveform case. As p increases 
to 0.5, the performance difference becomes small since the 
relative recovery errors under both waveforms are similar 
(see Fig. 4 (a». Fig. 4 confirms that Gaussian orthogonal 
waveforms are better than Hadamard waveforms for matrix 
completion-based DOA estimation. 

Recoverability and performance guarantees: Specifically 
for Scheme I and considering ULAs for transmission and 
reception, we have shown that [23], as long as 

K< min ' { M } 
-iE{t,r} J (3(; (Mi) 

, 

the coherence bounds 

Mo = max ' t:, { M } 
iE{t,r} Mi - (K - 1) J (3�i (Mi) 
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Figure 4: Performance comparisons: (a) Relative error of the recovered data matrix; (b) Probability of DOA resolution. Here 
p denotes the occupancy ratio of the data matrix. 

6. { MiYK } 
f..ll = max iE{t,r} Mi - (K -1) V f3f;, (Mi) 

(7) 

are satisfied with probability 1. In the above, 

(8) 

�k� . min g ( d
\ k ISin(ei)-Sin(ej)l ) (9) 

(',J) ti-J /\ 

and 

g(X)�
{ lxl-x, 

x - lxJ, 

1 
Ixl-x � '2

. 
otherwise 

(10) 

Finally, if � � min { �t, �r} is bounded away from zero, 
then, for sufficiently large Mt and Mp the coherence ap
proaches 1, which is the smallest possible coherence value, 
and which can be approximately attained even for finite values 
of Mt and Mr. 

In colocated MIMO radar systems, due to the need for 
unambiguous angle estimation (target detection), it is very 
common to assume that ei E [-Jr /2, Jr /2]. Another common 
assumption is to choose dr == dt = A/2. Under this setting, 
and for 'TJ � lei -ej I � Jr -'TJ where 'TJ E (0, Jr /2]' we have 
shown [23] that � == �r == �t is explicitly given by 

('TJ ) ( 2 -v'2] � = 1 -cos '2 E 0, -
2
- . (11) 

The higher the value of'TJ, i.e., the more separated the targets 
are, the higher the value of � and the lower the coherence of 
a. This also points to a tradeoff between angle resolution and 
coherence. 
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Coherence for arbitrary TXlTR antenna geometries: Let us 
focus again on Scheme I, but this time allowing arbitrary 2D 
transmission/reception array topologies. Let 'I and 9\ denote 
abstract sets containing all the essential information regarding 
the transmitter and receiver array topologies, respectively. 
Then, for any Mt and Mr, as long as [23] 

K � min --' , 
{ M } 

iE{t,r} yP; 
(12) 

then, regarding the associated matrix a, one can find co
herence bounds analogous to those of (7) after substituting 
f3f,i (Mi) with f3i, also holding true with probability 1, where 

f3t(r) � sup ICPt(r) (x,yl'I(9\))12 E [0, Mt2(r»
) 

, (13) 
(x,Y)EA 

with 

CPt(r) (x, y I'I (9\) ) � 
M'(r)-l 

� L exp 
(
j2Jrr«r) (m)(T(x) -T(y))

)
, (14) 

m=O 

and where A constitutes a nominal point set of all admissible 

angle pair combinations. 
Bounding norms of sums of complex exponentials, whose 

exponents are arbitrary real variable functions constitutes a 
difficult mathematical problem. However, from an engineering 
point of view, for a given pair of transmitter - receiver topolo
gies, we can always compute the aforementioned supremum 
empirically, as it becomes clear by the following example. 

Consider a MIMO radar system equipped with identical 
Uniform Circular Arrays (UCAs) with Mr = Mt = 20 � M 
antennas, whose positions in the 2-dimensional plane are 
defined as 

(15) 
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UCAs: M, = Mt = 20, R = 0.5, A = 0.5 

-3 -2 -1 o 
X 

2 

(a) 

ULAs: Me = Mt = 20, dt! A = 1/2 

(b) 

3 

Figure 5: The function l'Pt(r) (x,yl'1'(91))12 of Example 1 

with respect to (x, y) E [ _1f ,1f] 2 (just for visualization 
purposes) for the case of (a) a sYlmnetric UCA pair and (b) a 
symmetric ULA pair. 

I E NM-1, where R = 0.5 m. The wavelength utilized for 
the communication is chosen as A = 0.5 m. Then, in order 
to bound the coherence of the respective matrix �, a uni
formly sampled version of which is available at the receiver's 
fusion center, we have to specify the supremum given by 
(13), which, of course, cannot be computed analytically. Fig. 
5(a) shows the function l'Pt(r) (x, Y 1'1' (91))  12 with respect to 

(x,y) E [ _1f ,1f] 2. We observe that this function is periodic 
in the 2-dimensional plane, with period equal to 21f in each 
dimension. 

Let us now assume that every pair of distinct angles Bi and 
Bj are such that the magnitudes of their differences are lying in 
two non intersecting halfplanes, one above and one below the 
hyperplane y = x, within a margin of T), explicitly defining A. 
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Empirically, using the graph of l'Pt(r) (x,y 1'1'(91))12 , we can 
easily specify its supremum over A, which is required in order 
to bound the coherence of �. Additionally, it is obvious that 
if T) is sufficiently large, the coherence of � will be essentially 
relatively small. 

Interestingly, this fact draws immediate connections 
between the UCA and ULA cases. The function 

l'Pt(r)(x,yl'1'(91))12 corresponding to the ULA case is 
shown in Fig. 5(b). 

Comparing the two graphs of Fig. 5, we can infer that in 
the UCA case the allowable region for the magnitudes of the 
differences of the angle pairs, given by the set A, is larger 
than the respective region for the ULA case. On the other 
hand, the values of l'Pt(r) (x, Y 1'1' (91) ) 12 for the ULA case in 
the interior of the allowable region are considerably smaller 
than the values of the respective function in the interior of the 
respective set for the UCA case. Consequently, regarding our 
choice of transmission/reception arrays, there is an obvious 
trade - off between "resolution" and coherence. 

III. CONCLUSIONS 

In this paper, we have investigated the problem of reducing 
the volume of data typically required for accurate target 
detection and estimation in colocated MIMO radars. We have 
presented two sparse sensing schemes (Schemes I & II) for 
information acquisition, leading to the natural formulation of a 
low rank matrix completion problem, which can be efficiently 
solved using convex optimization. Numerical simulations have 
justified the effectiveness of our approach. Specifically for 
Scheme I, we have presented theoretical results, guaranteeing 
near optimal performance of the respective matrix completion 
problem, for the case where ULAs are employed for transmis
sion and reception. 
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